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Abstract 

Let (j){z) = {(j)i{z ),..., (j)n{z)) be a holomorphic self-map of C/" and iIj{z) a 
holomorphic function on t7", where t/" is the unit polydisk of C". Let p > 0, 
g > 0, this paper gives some necessary and sufficient conditions for the weighted 
composition operator induced by "0 and 0 to be bounded and compact 

between p-Bloch space and g-Bloch space 
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operator. 
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1 Introduction 


Let O be a bounded homogeneous domain in C”". The class of all holomorphic func¬ 
tions with domain D will be denoted by 77(0). Let (p he a holomorphic self-map of 
0, the composition operator Ctp induced by (p is defined by 

{C<j,f){z) = f{(p{z)), 

for z in O and / € 77(0). If, in addition, ^ is a holomorphic function defined on O, 
the multiplication operator induced by ip is defined by 


= 'ip{z)f{z), 

and weighted composition operators induced by xp and (p is defined by 

(z) = xpiz)f{(p{z)) 

for z in O and / G 77(0). If let xp = 1, then = C^, if let (p = Id, then 

= M^. So we can regard weighted composition operator as a generalization of 
a multiplication operator and a composition operator. 

Let K[z,z) be the Bergman kernel function of O, the Bergman metric Hz{u,u) 
in O is defined by 

I 

Hz{u,u) = 

j,k=l 

where z G O and u = (ui,..., Un) G C"". 


d'^ log K{z,z) _ 

uZjOZ}^ 
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Following Timoney [1], we say that / G is in the Bloch space B{Q), if 


where 


\\f\\B(n) = supQf{z) < oo, 


Qf{z) = sup I V^/(^)'»l . ^ _ |g| ^ ^ 


Hi {u, u) 

and vm = (If,..., , Vmu = g 

The little Bloch space Bq{Q.) is the closure in the Banach space B{^) of the 
polynomial functions. 

Let 50 denote the boundary of 0. Following Timoney [2], for 0 = Bn the 
unit ball of Bo{Bn) = {/ G B{Bn) ■ Qf{z) ^ 0, as z ^ 5i?„} ; for O = the 
bounded symmetric domain other than Bn-, {/ G B{T>) : Qf{z) ^ 0, as z ^ dV} is 
the set of constant functions on B. So if D is a bounded symmetric domain other 
than the ball, we denote the Bo^{V) = {/ G B{'D) : Qf{z) ^ 0, as z ^ d*!)} and 
also call it little Bloch space, here d*V> means the distinguished boundary of V. 
The unit ball is the only bounded symmetric domain T) with the property that 
d*V = dV. 


Let be the unit polydisk of C”. Timony [1] shows that / G {U'^) if and only 


if 


= |/(0)| + sup Y. 


^6^" k=l 


K 

dzu 




(l - \Zk?) 


< + 00 . 


This equality was the starting point for introducing the p-Bloch spaces. 

Let p > 0, a function / G is said to belong to the p-Bloch space B’^{U^) 
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if 


= |/(0)| + sup 


k=i 


K 

dzk 


(z) 


(i-kpy 


< + 00 . 


It is easy to show that is a Banach space with the norm || • ||p. 

It is easy to see that if 



then / must be a constant. So, there is no sense to introduce the corresponding 
little p-Bolch space in this way. We will say that the little p-Bolch space ([/"■) is 
the closure of the polynomials in the p-Bolch space. 

In the recent years, there have been many papers focused on studying the com¬ 
position operators in function spaces (say, for 1-dimensional case see [3-8], for n- 
dimensional case see [9-12]). More recently, S.Ohno, K. Stroethoff and R.H.Zhao in 
[8] discuss the weighted composition operators between-type spaces for 1-dimensional 
case. 

In this paper, we discuss the boundedness and compactness of the weighted com¬ 
position operators between p-Bloch space and (/-Bloch space in polydisk, some new 
methods and techniques have been used because of the difference between topology 
boundary dU^ and distinguished boundary d*U'^ of t/”, where n > 1, especially in 
the proof of Theorems 2 and 3 (need to be discussed according to the properties of 
the boundary). The results in this paper will extend corresponding results on the 
Bloch spaces (see [4-11]). 

Our main results are the following; 
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Theorem 1 Let (p = {pi,..., pn) be a holomorphic self-map of and 'p{z) a 
holomorphic function of U^, p > 0, q > 0. 

(i) If p = 1, then : 6^(11'^) —> B^{U'^) is bounded if and only if 


E 

k,l=l 


dp 

dzk 


{z) 


(l - kfcl' 


In ■ 


and 


IV’(^)I E 

k,l=l 


dpi, . 

dzk 


{i-\zk\r 


= 0(1) {z G U^) 


= 0(1) {z G [/"). 


i-MzW 

(a) IfO<p< l, then : B'^{U'^) —> B^{U'^) is bounded if and only if 


( 1 ) 

( 2 ) 


p G 


(3) 


and 


k,l=l 


dpi 

dzu 


{z) 


{l-\Zk?) 


2\1 


= 0(1) {z G U^). 


(in) If p > 1, then W^p^fj) : B^{U'^‘ 


{i-\uz)?r 

—> B‘^{U^) is bounded if and only if 


E 

k,l=l 


dp 

dzk 


iz) 


(1-kP) 


2\<} 


{l-\Pi{z)n 


- = 0(1) (z G U^) 


(4) 


(5) 


and 


IV’(2)I E 

k,l=l 


dpi, , 
dzk 


{l-\zk?) 


2\9 


= 0(1) {z G U'^). 


( 6 ) 


{^-\Uz)?f 

Theorem 2 Let p = {pi,..., pn) be a holomorphic self-map of and p{z) a 
holomorphic function of LL^,p > 0, g > 0. 

(i) If p = I, then : B^fU^) —> B‘^{U^) is compact if and only if : 

BP{U^) —. B<i{U^) is bounded and 

4 


E 

k,l=l 


dp 

1I~y) 

dzk 


(l - {zkl'^Y'^^j 


- \Mz)( 


= 0(1) {P{z) ^ dU^), 


(7) 
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and 


IV’(2)I 

k,l=l 


dzk 


(1-kP) 


2\<1 


= 0 ( 1 ) {<Piz) ^ dun. 


( 8 ) 


(a) If p > 1, then W.tij,<p '■ B^{Un —^ B^{Un is compact if and only if : 

B^{Un —> B^{Un is bounded and 


E 

k,l=l 


df: 

dzk 


(1-kP) 


2\<1 




— = o(l) dun, 


(9) 


and 


(-')i i: 


k,l=l 


d<pif X 


- i-jy = „(i) 


{(t){z) dU^‘ 


( 10 ) 


Remark 1 It is easy to show that if (1) or (5) or (7) or (9) holds, then f) G B'^fU^) 


and 


E 


d'ip{z) 


dzk 


iz) 


k=l 

In fact, (1) implies that 


{i-\zk\^y = o{i) {<f{z)^dun. 


(11) 


E 

k 


dif> 

dzk 


(i-klf 


^ '^-\n{z, 


|2 - 


< c 


for all z G C”. The same reason for others. 


Theorem 3 Let 4> = {cfi, ■ ■ ■, f’n) be a holomorphic self-map of U'^ and ipiz) a 
holomorphic function ofU^, 0 < p < 1, q > 0. Then : B^fU^) —> B‘^{Un is 
compact if and only ifW^^^ : BP{Un —> B^{Un is bounded and 


lim 


E 

k=l 


dzk 


{i-\zk?Y „ 


( 12 ) 


for each I G {l,...,n} with |<(>/(2;)| —> 1. 
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Corollary 1 Let (j) = {(pi, ...,(pn) be a holomorphic self-map of , p,q >0. Then 
C(j) : BP{U^) 13‘^{U^) is bounded if and only if there exists a constant C such that 

^ {l-\<Pi{z)\^y - ’ 

for all z G U^. 


Proof Let 'if{z) = 1,2: G U"^, then -— (z) = 0 for all k G {l,2,---,n}. It is 

dzk 

clear that condition (1) in Theorem 1, condition (7) in Theorem 2 and condition (9) 
in Theorem 3 hold, note that = C^, the Corollary follows by combining the 

above Theorems. 

Similar to Corollary 1, the following Corollary follows. 


Corollary 2 Let (p = {(pi, ...,(pn) he a holomorphic self-map ofU^. If p > 1 and 
q >0, then C^p : BP{U^) B'^{U^) is compact if and only if 

” d(Pm {l-\zk\y 

dzk^ > {I- \(Pi{z)\^y - ’ 

for all z G U^, and 

7/0 < p < 1) and q >0, Then Cp, : BP{LL^) B'^{U^) is compact if and only if 

k%i dzk^ ^ (l-|//(z)| 2 )P - ’ 


for all z G U^, and 


dzk ^ {I-\4’i{z)\ y 


for each I G {1,..., n} with (pi{z)\ —>■ 1. 
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Remark 2 If let cj) = id : U'^ —> t/”, then we can obtain the corresponding 
results about multiplication operatorM^ ; 8^(11'^) 

Throughout the remainder of this paper C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. 


2 Some Lemmas 


Lemma 1 Let f G 8^(11^), 

(i) Ifp = 1 , then |/(,)| < (i + ^ 


Eln- 


1 = 1 

(ii) IfO<p< 1, then \f{z)\ < (^1 + 

1 


P) 


/ 1 2P~^ 

(Hi) Ifp > 1, then \f{z)\ < —h 


E 


n ' p-1 J Viti (1 - 


p- 


Proof This Lemma can be proved by some integral estimates (if necessary, the 
proof can be omitted). 

By the definition of ||.||p. 


l/(0)| < ll/llp, 


dzj 


< 


(1-hP)" 


(/G{l,2,.--,n}) 


and 




So 


l/(^)l<l/(0)l + ENiy^ (T-t^NIY 


dt 


^ \\j lip 


^ /-bil 1 


(13) 
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Ifp=l, 


I'M 


^ ,dt=l In ^ In ■ 


It is clear that In 


/o - 2^^^1-|zzp- 

4 

> ln4 = 21n2, so 


1-NP 


1 , 4 

1 < —-In 


<-^Einr " 


21n2 1 - |zz|2 - 2nln2 ^ 1 - kzP 


(14) 


(15) 


Combining (13),(14) and (15), we get 


l/(^)l < 


n 1 

\2 2nln2 




vi=i 


- kzP 


II/IIp- 


Ifp/1, 


If 0 < p < 1, (16) gives that /q 

i/Mi<(i + PP) ii/iip. 

If p > 1, (16) gives that 


rM 1 rbil 1 1 

X (l-t^)^’"^* “ Jo (1 - t)P ■ (1 + t)P 

-Jo l-p 

\zi\ 1 ... 1 


(it 


(16) 


„ „(it < -, it follows from (13) that 

(1 — t^y 1 — p 


"M 




2P 


-1 


lo (l-t2)P (p_ 1)(1 _ |2;;|)P 1 (p_ 1)(1 _ |^2|)p 1’ 


it follows from (13) that 


\fiz)\ < 


+ 


2P 


-I / n 


< 


+ 


p- 

2P-1 


I S 


1 


1 


n 


E 


2\p-l 


p-^J \tr{ (i-kzlY 


Now the Lemma is proved. 
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Lemma 2 Let (j) be a holomorphic self-map ofU"' and ip{z) a holomorphic funetion 
on U^, then is eompaet if and only if for any bounded 

sequence {fj} in B^^U^) which converges to zero uniformly on compact subsets of 
U^, we have \\W^^^fj\\q 0, as j oo. 

Proof Assume that is compact and suppose {fj} is a sequence in B^{U"') 

with sup||/j||p < oo and fj 0 uniformly on compact subsets of U^. By the 
J6N 

compactness of we have that W^^j){fj) = iffj o cj) has a subsequence V’/i™ o </* 
which converges in B'^, say, to g. By Lemma 1 we have that for any compact K C 
there is a positive constant Ck independent of / such that 

\^iz)fjmi<Piz)) - 9iz)\ < CKUfjm O </> - gWq 

for all z G K. This implies that '4’iz)fj^{4>{z)) — g{z) 0 uniformly on compacts 
of Since AT is a compact subset of [/"■, \'4>{z)\ < C for all z G -A and 4>{K) 
is also a compact subset of [/"■, by the hypothesis, \'4’iz)fj^{(p{z))\ < C \ fjmi4'iz))\ 
converges to zero uniformly on K. It follows from the arbitrary of K that the limit 
function g is equal to 0. Since it is true for arbitrary subsequence of {fj} we see that 
W^,^fj ^ 0 in ST 

Conversely, {gj} be any sequence in the ball ICm = Bi^p{0,M) of the space 
B^{U^). Since \\gj\\p < M < oo, by Lemma 1, {gj} is uniformly bounded on compact 
subsets of [/”■ and hence normal by Montel’s theorem. Hence we may extract a 
subsequence {gj^} which converges uniformly on compact subsets of to some 
g G It follows that ^ uniformly on compacts, for each I G {1,..., n}, 
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which implies g £ 8^(11'^) and || 5 (||p < M. Hence the sequence {gj^ — g} is such that 
Wdjm ~ dWp ^ 2M < oo, and converges to 0 on compact subsets of C/”, by the 
hypothesis and Lemma 2, we have that V'S'jm o (p ^ V’5' o (p in Thus the set 
W^^^{ICm) is relatively compact, finishing the proof. 


Lemma 3 Let 0 < p < 1. If f £ then 


\f{z)- f{w)\ < 


1 — p 


XI -Wk\^ P, Z,W £ 


k=l 


Proof For any z = {zi, Z 2 , ■ ■ ■, Zn), w = {wi,W 2 -, • • •, Wn) £ U"^, then 


tz + {1 — t)w £ 


for t £ [0,1]. Denote F{t) = f {tz + {1 — t)w ), then 


f{z) - f{w) = F{1) - F(0) = f F'{t)dt = [ ^ {f{tz + (1 - t)w) dt 

JO Ctt 

^ df 

= ^{zk- Wk) {tz + (1 - t)w) dt. 


f £ BP{U^), so for A: G {1,2, • • •, n} 


(1-iaiY 


^(0 


^ \\J lip 


df 


dCk 


<ii/iip(i-iaiV<ii/iip(i-iai)-". 


Let (k = tzk + (1 — t)wk = Wk + t{zk — Wk), note that if |a| < 1, |6| < 1 and \a + b\ < 1 
then |a| + |6| + |a + 6| < 2, so 1-|4| = l-\wk + t{zk-Wk)\ > |1 - \wk\ - t\zk - Wk\\ , 
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It follows from (17) and (18) that 


n „i 

\f{z) - f{w)\ < WfWpY^ \zk - Wk\ |1 - \wk\ - t\zk - Wk\\~^dt 


^ f\Zk—Wk\ 

/ |1 - \wk\ -t\~Pdt. 


If 1 - \vJk\ < \zk - Wk\, then 


r\zk—wu\ 

[ \1 - \wk\ - t\~^ dt 

Jo 


rl—\wk\ f\Zk~'^k\ 

= {l-\wk\-t)~Pdt+ {t - {I - \wk\))~^dt 

Jo Jl-\wk\ 

= Y~ ((1 “ l^fcl)^”^ + i\zk - Wk\ - (1 - kfcl))^“^) 

< rr^{\zk-Wk\y~^. (20) 

1 — p 

If 1 — \wk\ > \zk — Wk\, let a = 1 — \wk\,b = \zk — Wk\,a > b and note that the 
fundamental inequality < (a — 6)^“^ + b^~^, where 0 < p < I, so 




-{zk-wkl r\zk-wk\ 

|1 - Itefcl - t| ^dt= {l-\wk\-ty 

Jo 

((I - \wk\y~^ - (1 - \wk\ - \zk - Wk\)^~^) 


'•\zu-Wk\ 


<- - \zk-Wk\^-^. 

1 — p 


Combining (20), (21) and (19), this Lemma is proved. 


Lemma 4 Let 0 < p < 1. Every norm-bounded sequence in 8^(11^) has a subse¬ 
quence that converges uniformly on IL^. 


Proof Let {fj} be a sequence in 0^(17"), and ||/j||p < C for j = 1, 2, • • • . It 

n 

follows from Lemma 3 that \ fj{z) — fj{w)\ < C \zk — Wk\^~^ for z,w e Thus 

fc=i 
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the family {fj : n = 1,2, • • •} is equicontinuous. By Lemma 1, \ fj{z)\ < CH/jHp < C, 
the family {fj : n = 1, 2, • • •} is bounded uniformly on The statement of the 
lemma now follows from the Arzela-Ascoli Theorem. 

Lemma 5 Let p G [0,1) and {fj} be a norm bounded sequence in which 

converges to zero uniformly on compacts ofU'^. Then it converges to zero uniformly 
on 

Proof Let e € (0,1), r € (1 — e, 1), and w € rt/”, then from Lemma 3 we have 

n 

\fj{z)\ < \fjiw)\ +<^11/^11^^ \Zk-Wk\^~P 

k=l 

n 

<\fjiw)\+C'^\zk-Wk\^~p, zelT^. 
k=l 

Since sup \fj{w)\ 0 and since for each z G \ rU^, 1 — £ < r < \zk\ <1, there 

exists T] such that 

I — £<ri<r< \zk\ < 1. 

Choosing Wz = {rizi,r}Z 2 , • • •, rjZn), then Wz G rC/” and 
\zk - {wz)k\^~^ = \zk - r]Zk\^~^ = (1 - 

So ^lim sup^g^ |/j( 2 :)| < Ce, from which the result follows. 

Combining Lemma 2 and Lemma 5, we can obtain the following Lemma at once. 

Lemma 6 Let f he a holomorphic self-map ofU^ and ip{z) a holomorphic function 
on Lf^. Let 0 < p < 1 and q > 0, then —> B^{U'^) is compact if and 

only if for any bounded sequence {fj} in Bp{U^) which converges to zero uniformly 
on [/"- we have ||VL^,</,/;■ ||g —> 0, as j oo. 
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3 The Proof of Theorem 1 


First shows the sufficiency. If / G a direct calculation gives 

- i +v-w 1 w^))g(^-)| (1 - (22) 

k=i 

+ ^2)11; (l_|^,|2)». (23) 

By Lemma 1, if p = 1, (22) gives that 


i; (1 - i%p)’ 


^ g(,) 


- IA(2)P 


+w(z)i V —(z) h_Pstl!) ||z|| 

l-|*(z)pj 

Combining (1), (2) and (24), we know : 6^(17^) —> is bounded. 

If 0 < p < 1, by Lemma 1, (23) gives that 


“(fils"!' 

•'"■".jJS'HiTfigw)'"'- 


Combining (3), (4), Lemma 1 and (25), we know : BP{U"') —> B^{U'^) is 


bounded. 
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If p > l,by Lemma 1, (23) gives that 


E 

k=l 




dzk 


<ci E 


<k,l=l 


dif) 


+ \'^{z)\ E 

k,l=l 


dzk 

d4>i 


(z) 


a-\zk?r 
{i-\zk\r 


dzk 


(z) 


{i-\Mz)\r-^ 
ii-\zk\r 


(i-mz^r 


p- 


(26) 


Combining (5), (6) and (26), we know is bounded. 

To show the necessity, assume that : BP{U"') —> B^{U'^) is bounded, with 


\m,<pf\U<C\\f\\p (27) 

for all / G B^{U^). It is clear that V’ € B'^{U^), that is, (3) holds. 

If p = 1, For fixed 1{1 < I < n), we will make use of a family of test functions 
{fw : re G C, |rc| < 1} in B'p{U'^) defined as follows; let 


fw{z) = 


zi 


1 — WZl ’ 


then 


dfw{z) 


dzi {1-wzi)^’ uzk 
It follows from (22) and (27) that 




E 

k=l 




d(pi 


dzk l-w(j)i{z) 
let w = (pi{z), then 


(1 - w4>i{z)f dzk 


iz) 


(l-|z,|2)'?<C 


1 — IrcP ’ 


IV’(2)I E 

k=l 



{i-\zk\r 

i-MzW 


<c+||V’||, <c. 


( 28 ) 


\Hz)\ E 

k,l=l 



i-Mz)?- ’ 


So for any z G U^, 
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that is, (2) is valid. 


If we set 


9w{z) = In-- 

1 - WZl 


dgu,{z) w dgyj{z) 


dzi I -WZl' dzk 

It follows from (22) and (27) that 


= 0 (k^l), Wg^Wp <2 + \n4. 


y Mflln_i_ 

dzk l-wyz) 
let w = 4>i{z), (1) is valid. 




If 0 < p < 1, V' = G (3) is valid. For fixed /(!</< n), we will 

make use of a family of test functions {/^ : w € C — {0}, |rc| < 1} in defined 


as follows: set 


/„M = r (i - dz, 


with fw{0) = 0. Since for w ^ 0, 

8U /', Ui^ 2'\ ’’ 8f„, 

FF"'j ’ 

Tl 

it is easy to show ||/«;|L = 1. Lemma 1 gives \fwiz)\ <1-1 -, so by (3), 

1 — p 

t, §^(z)Md>(z))(i - wfr <cf2 y) (l - 1%!")’ < c. (29) 

k=l ^ k=l ^ 

For z G U^, it follows from (22) and (27) that 

g + (1-NI )’£C- 

combining (29), we get 


II’ ~^dfuj{(j){z)) d(j)l I ^ ^ I i2\q ^ 

S - '‘‘‘I > - 
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For an arbitrary z G U'^ with 4>i{z) ^ 0 and set w = (pi{z) in the above inequality 
to obtain 

{i-\zk\r 




k=l 


d(t>i, . 

17~yY 

dzk 


{^-\4>i{z)\ 


2\P — 


< c. 


If (pi{z) = 0, let f{z) = zi, it follows from (22) and (27) that 


|V^(z)| 


d(l>i 

dzk 


2\Q 


{i-mzwr 


|^(z)0z(z) + V'(z)|^(z) 

OZk OZk 


(l-|zfcp)'?<c. 


So for all z e U^, 


01 E 

k,l=l 


d(t>i 

dzk 


iz) 


{l-\zk\r 

{i-\Mz)?r- ’ 


that is, (4) is valid. 

If p > 1, similarly, the test functions would be 

= 4 (irV^ - (1—=^) • (H<1.^7^0,l<(<n) 

for proving (6), and 


9w{z) 


( P (p-l)(l-kO)\ 

'v(l-uTzO"-' (l-wzif E 


{\w\ < 1,1 < / < n) 


for proving (5), we omit the details. Now the proof of Theorem 1 is completed. 


4 The Proof of Theorem 2 

To show the sufficiency. 

If p = 1. First assume conditions (7) and (8) hold, we need to prove : 

Qpfjjn) —^ is compact. According to Lemma 2, assume that \\fj\\p < 
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C, j = 1, 2,... , and {fj} converges to zero uniformly on compact subsets of U^, we 
need only prove that ^ 

For every e > 0, (7) and (8) imply that there exists a r, 0 < r < 1, such that 


E 

k,l=l 


dip 

dzk 


iz) 


(i - \zk\‘^y^^Y 


and 


E 

k,l=l 


u \ 


- mzw 

{i-\zk\r 


< e 


< e, 


(30) 


(31) 


whenever dist{(j){z),dU"') < r. Since fj{(p{0)) converges to zero, by (30) and (31), it 
follows from (24) that for large enough j 


E 

fc=i 


dzk 


-iz) 


(1 - \zk\‘^y < Ce, 


(32) 


whenever dist {4’{z),dU"') < r. If we set e = 1, by (30) and (31),it is easy to show 
that (1) and (2) holds, from Remark 1, we know V' G 

On the other hand, if we write E = {w G I/” ; dist{w,dU^) > r }, which is a 
closed subset of U^, then fj(w) and —> 0 uniformly on E. So by (22) and 

OWl 

the boundedness condition (2) in Theorem 1, we obtain for dist{(p{z),dU^) > r, 


E 


k=l 


-iz) 


dzk 

n 

= c^(l/,MI + E 


(l-\zkfy<C{\f,ir^{z))\+Y: 


1=1 


dfj 

dwj 


(Hz)) 


1=1 


dfj 

dwi 


(w) 


< Ce. 


(33) 


Since ip{0)fj{(p{0)) 0 for large enough j, combining (32) and (33) we know 

\\W^,j,fj\\q 0, as j oo. 

If p > 1, note that (26), in a similar manner to the case p = 1, we can show the 


sufficiency, omit the details. 



Z.H.ZHOU and R.Y.CHEN 


19 


To show the necessity. 

First we will prove the following Lemma: 


Lemma 7 Let p > 1 and q > 0. If 


is compact, then 


W{z)\ ^ 

k,l=l 


dcfi 

dzk 


{z) 


(1-kl^) 


2\<1 


= 0 ( 1 ) {cf{z) ^ dU^). 


(34) 


(i-kK^)IT 

Proof For any {z^} in [/"■ with (j){z^) —> dU"' as j oo. Let Aj = (f){z^) = 
(oij,... ,anj), where Okj = (pk{z^), 1 < k < n. Since (piz^) —> 5C/”, as j —>■ oo, there 
exists some s, (1 < s < n), with |asj| ^ 1 as j ^ oo. Without loss of generality, we 
may assume that s = 1. 

Case 1: If for some l{l < I < n), \aij\ ^ 1 as j > oo, then set 


dfj 


(35) 


dzi 


= 0 , (kyi), 


- [p+ l)aij _^p+2 P^ij f-. ^ TT-'iP+i ’ 


dfj _ (1- |aLf) 


so WfjWp < C and {fj{z)} tends to zero uniformly on compact subsets of [/”■. So by 
Lemma 2, we know ||IFi/),(/)/j||g ^ 0 as j —> oo. It follows from (22) that 

TO 


i-i4t 


k=l 




<I|IWjIL^0' 


(36) 


d f' J- 

Note that fj{(j){z^)) = 0 and -—^{(j){z^)) =WjY-i -i-TTip’ gives that 

OZi 


1 


. ^ (i - yiy) 


(1 - |a,jP^» 

1 

d4>i 


dzk 


(Y) 


<Cj^\\\W^^^fj\\g^0 as j ^ QG. 


( 37 ) 



20 


WEIGHTED COMPOSITION OPERATORS 


Case 2: If for some l{2 < I < n),\aij\ 7 ^ 1 as j —> oo, then we assume \aij\ < p < 1. 
\i p> 1, The compactness of implies is bounded, by Theorem 1 and 
Remark 1, (11) is valid. Set 

= , j = l,2,---. (38) 

V 1 “ / 

It is easy to show that \\fj\\p < C, and {fj} tends to zero uniformly on compact 
subsets of [/"■. It follows from (22) that 




1 - 

Rfcl 


k=l 


dzk^ ’ 


< 


ll»«/jll, + cE(i-l4t)‘ 


k=l 


dip 

dzu 


+C\iP{N)\Y.^^ 


IL (1-I4I')' 




d(pi 

dzu 


(z^) 


< 


n 

ii»'„/,ii,+ci:(i-i4p)‘ 


k=l 


dip 

dzk 


(1 - \ 4 \ p ‘ 




d(pi 

dzk 


(z^) 


0 . 


So 


-T- (l-|4P)‘ 


1 


^(zD 

dzk^ ^ 


< 


='’)i T ( 


1- U; 


J|2 


Now we return to prove the necessary of Theorem 2. 


^{zD 

dzk^ ^ 


(39) 


If p = 1, by Lemma 7, ( 8 ) is necessary, now we prove that (7) is also necessary. 


In case 1, set 


fjiz) 



4 


-1 



1 


4 

ZlCllj 


2 


(40) 
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It is easy to show that \\fj\\p < C, and {fj} tends to zero uniformly on compact 
subsets of 17"'. It follows from (22) that 


n 

k=l 


1- U' 


7|2 




< ^ 0 . 


By a direct calculation and by (34), we obtain 




k=l 


- Mz)? 




^ (i-141")' 




dzk^ ^ 


(41) 


E 

k=l 


In case 2, by remark 1, 
d'lp 


dzi 


■44 


(l- l 4 P) 4 n- 


< In ■ 


E 


5V' 

dzu 


(^4 


(1-I4IT-0. 


-Mz^W - 1 - 4 , 4 ; 

Combining case 1 and case 2, we know (7) is necessary. 

If p > 1. by Lemma 7, we know (10) is necessary, now we prove (9) is also 
necessary. 

In case 1, set 

(1 - ziaijY (1 - ziaijf^^ 

It is easy to show that \\fj\\p < C, and {fj} tends to zero uniformly on compact 
subsets of t/". Note that fj{(j){zY) = 
from (22) that 


1 df - 

- j and = 0) il follows 

(l-la^,14^-1 


n 

k=l 


1-jz- 


Jl2V 




k=l 


^(zY 

(i - \4ff 

dzk^ ^ 

(1-1% 14"-' 




( 42 ) 
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In case 2, by remark 1, 



Combining casl and case 2, we know (9) is necessary. 
Now the proof of Theorem 2 is completed. 


5 Proof of Theorem 3 


Proof of Theorem 3. First assume : 8^(11"') —> is bounded and (12) 

holds, we prove that B^{U^) is compact. By Lemma 6, assume 

that WfjWp < C, j = 1 , 2 ,..., and {fj} converges to zero uniformly on U^, we need 
to prove that ||IFi/),(/)/j||g —> 0, as j —> oo. Note that the boundedness of W^^^ and 
Theorem 1, (1) and (2) hold. So 

\i’{z)\ < cu\u < C, |V’(^)I E ^{z) ^ ^ 

dzk {I - \(j)i{z)rF 

for / G {1, 2, • • • , n}. 

By the assumption as j ^ oo 



(44) 
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k=l 

dfj 


dzk 


(i - wpy 


+ Y.Y. 

k=l 1=1 




\ip{z)\ 


94)1, , 

dzk 


{i-Mzwy 


<c\f,{4>{z))\ + Y.Yl 

n n 

<c^- + Y.Y. 


k=l 1=1 


k=l k=l 




\ll}{z)\ 




\'lp{z)\ 


d4>i, X 


d4>i , X 

dZk^"\ (1-|0Z(Z)|2)P 

{^-\zk?Y 


{i-\4>i{z)?y 


(45) 


For every e > 0, / G {1, ...,n}, (12) implies that there exists an r, 0 < r < 1, 
such that 


\yz )\^ 

fc=i 


94)1 , X (1 - \zk?Y 

dzy ’ {i-\uz)\y 


(46) 


whenever \4>iiz)\ > r. 
Note that 


U^ = {zeU^: \4)i{z)\ >r}\J{z€U^: \4)i{z)\ < r}. 


For each / G {1,2, • • • ,n}. If |<?i>«(5;)| > r, from (46) and \\fj\\p < C, we have 




\ip{z)\ 


94)1, X 
9zk 


il-\zk\y 

{i-Mzwy 


< Ce. 


(47) 


If |</>«(^)| < r, by the Cauchy’s estimate applied to the function 


g{wi) = f{wi, ...,Wl-l,Wl,Wl+l...,Wn), 


of one variable, if < r, we have 



<C sup \fj{w)\<C suyfj{z)\, 
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for some C > 0 independent of /. From this, (43) and (44) we have 

a-Mzwy 

< C ST^|/j(2:)| ^ 0 




\'lp{z)\ 


091/ / 


(48) 


as j oo. So 

From (45),(47) and (48), and since lim fj{(j){0)) = 0, we obtain —> 0, 

j^oo 1 

as j ^ oo, from which the result follows. 

Now suppose that : 3^(11^) 0'?(C"') is compact. Then is bounded, 

and by Theorem 1 we know that (4) holds. Now we prove that condition (12) holds. 
Let {z^} be a sequence in and = 4>{z^) = {w \,..., rc^). For each / G {1, 2, • • • , n} 
with lim \vjI \ 1. 

j^oo 

Let 


(1 - Ziwj)p 


J = l,2,... 


then 


\ ~1 
— {z) =pwi- 


1 — |w 


J|2 


{1 - ziwj\^)P+^ 


As in the proof of Theorem 2 we can prove that ||/j||p < 1 + 2P^^p, for all j G N, 
i.e. {fj} is bounded on Bp{U"'). It is easy to see that fj tends to zero uniformly 
on compact subsets of C”. So by Lemma 2, we know ||IL(/>/7'||g —> 0 as j —> oo and 




(1 


wif)^-P, 





1 


notice that 
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consequently, by (22) 


k=l 


(1 - m 


dzk 




dfj (It I r 




(49) 


So 


Y^pWi 


k=l 

Hence 


dcpi 

dzh 


{Y 


(i - I4t)' 


( 1 - 


m 


,R2\ 


< 




’)IE 


( 1 - 141 ")" 


fcOi-KP)" 


d(j)i 

dzk 


(z^) 


< 


p\w] 






as j oo. Now the proof of Theorem 3 is finished. 
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